Abstract. We classify the smallest finite volume complex hyperbolic surfaces with cusps which admit smooth toroidal compactifications. Remarkably, there is only one such surface which appears to be the compactification of a Picard modular surface. 
1 and smallest possible Euler number. Note that the Euler number of a surface of general type is positive and at least three. This nontrivial fact follows from the standard theory of surfaces of general type and the Bogomolov-Miyaoka-Yau inequality, for more details see for example Chapter VII in [BHPV04] . Moreover, by Yau's solution of Calabi conjecture [Yau78] any such surface is a quotient of the unit ball in C 2 by a torsion free co-compact discrete subgroup of PU(2, 1). Thus, the problem of finding all surfaces of general type with 3c 2 = c 2 1 , c 2 = 3, (1) reduces to the classical and longstanding problem in geometric topology of finding all the compact complex hyperbolic surfaces with the smallest possible volume.
The first example of a surface as in 1 was given by Mumford in [Mum79] . Interestingly, the surface constructed by Mumford has vanishing first Betti number. Thus, it has the same Hodge diamond of the two dimensional complex projective space and it is then an example of a "fake projective plane". In the same paper Mumford raises the problem of enumerating all fake projective planes. This difficult problem was solved only recently by Prasad and Yeung in [PY07] with the addition of Cartwright and Steger [CS10] . Note that an important ingredient in [PY07] and [CS10] is the fact that the fundamental groups Γ ∈ PU(2, 1) of fake projective planes are necessarily arithmetic, see [Kli03] and [Yeu04] . Recall that nonarithmetic lattices are known to exist by the work of Mostow and Deligne-Mostow, see [DM93] . For a survey of this fascinating problem the interested reader may refer to the Bourbaki report [Rém04] .
The natural question arises whether fake projective planes are the only surfaces of general type with Euler number equal to three. Surprisingly, this is not the case! In fact, Cartwright and Steger in [CS10] found an example of a surface as in 1 with first Betti number equal to two. Nevertheless, at the time of writing, there is evidence that fake projective planes and the Cartwright-Steger surface exhaust all surfaces of general type with Euler number three, see the paper of Yeung [Yeu13] .
In conclusion, the classification of the smallest compact complex hyperbolic surfaces seems to be completed.
The main goal of this paper is to carry out an analogous program for cusped complex hyperbolic surfaces. More precisely, we classify the smallest finite volume complex hyperbolic surfaces with cusps which admit smooth toroidal compactifications. Remarkably, there is only one such surface and it is associated to an arithmetic lattice. Differently from the compact case, the fact that a lattice with the smallest Euler characteristic is arithmetic is a corollary of our geometric constructions rather that a key ingredient in the classification itself. In fact, the unique finite volume complex hyperbolic surfaces we find appears to be a surface first constructed by Hirzebruch in [Hir84] and later shown to be the compactification of a Picard modular surface, see [Hol86] , [Sto11] . Thus, the group theoretical implications of our main classification result are obtained implicitly.
An outline of the paper follows. Section 1.1 starts with a short review of the geometry of smooth toroidal compactifications. The problem of finding the smallest toroidal compactifications is formulated in terms of logarithmic Chern numbers. More precisely, the smallest finite volume complex hyperbolic surfaces with cusps which admit smooth toroidal compactifications correspond to surfaces of logarithmic general type such that
where by c i , i = 1, 2, we denote the logarithmic Chern numbers of the compactification. Finally, we state the main results of this paper.
In Section 2, we show that a toroidal compactification with c 2 = 1 cannot be of Kodaira dimension equal to two, one or minus infinity. In light of the KodairaEnriques classification, we reduce the problem to the study of the case with Kodaira dimension equal to zero.
In Section 3, we study in detail the case with zero Kodaira dimension. It is shown that the minimal model of a toroidal compactification with c 2 = 1 must be the product of two elliptic curves with large automorphism group. Finally, an explicit example is constructed and its uniqueness is proved. Interestingly, the surface constructed already appears in a paper by Hirzebruch [Hir84] .
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We conclude the paper with the proof of the main theorem and a brief discussion of its implications, see Section 4.
1.1. Preliminaries and main results. The theory of compactifications of locally symmetric varieties has been extensively studied, see for example [BJ06] . Let H n be the n-dimensional complex hyperbolic space. Finite volume complex hyperbolic manifolds then correspond to torsion free non-uniform lattices in PU(n, 1). Let then Γ be any such lattice in PU(n, 1). It is well known that when the parabolic elements in Γ have no rotational part, then the manifold H n /Γ has a particularly nice compactification (X, D) consisting of a smooth projective variety X and an exceptional divisor D. More precisely, the divisor D is the union of smooth disjoint Abelian varieties with negative normal bundle. The pair (X, D) is referred as toroidal compactification of H n /Γ. For more details about this construction the interested reader may refer to [AMRT10] and [Mok12] . Note that in [Mok12] this construction is carried out without any arithmeticity assumption on Γ.
Let us now describe in more details the two dimensional case. Let H 2 /Γ be a complex hyperbolic surface with cusps which admit a smooth toroidal compactification (X, D). It is well known, see [Sak80] and Section 4 in [DiC12a] , that (X, D) is D-minimal of log-general type. We say that the pair (X, D) is D-minimal if X does not contain any exceptional curve E of the first kind such that D · E ≤ 1. Moreover, by the Hirzebruch-Mumford proportionality [Mum77], we have
where c 1 and c 2 are the logarithmic Chern numbers of the pair (X, D). For the standard properties of logarithmic Chern classes we refer to [Kaw78] . Recall that the c 2 1 of the pair (X, D) is equal to the self-intersection of the log-canonical divisor K X + D, while c 2 is simply the topological Euler characteristic of X\D. Since D consists of smooth disjoint elliptic curves, we have
By construction X\D is equipped with a complete metric with pinched negative sectional curvature. For this class of metrics it is well known that the Pfaffian of the curvature matrix is pointwise strictly positive, see Section 2 in [DiC12a] . Thus, Gromov-Harder's generalization of Gauss-Bonnet [Gro82] implies that c 2 has to be a strictly positive integer.
It is then interesting to look for toroidal compactifications with the smallest possible value for the second logarithmic Chern number, i.e., c 2 = 1. Note how any such manifold will also provide an example of a cusped complex hyperbolic manifold with the smallest possible volume. The main purpose of this paper is to provide a complete classification of smooth toroidal compactifications with 3c 2 = c It is interesting to notice that because of the logarithmic Bogomolov-MiyaokaYau inequality proved in [TY87] , Theorem A provides the classification of logarithmic pairs (X, D) of log-general type with 3c 2 = c 2 1 and c 2 = 1. Here is an interesting corollary.
Theorem B. The lattice associated to a toroidal compactification with 3c 2 = c 2 1 and c 2 = 1 is arithmetic.
In other words, any torsion free lattice Γ ∈ PU(2, 1) whose parabolic elements have no rotational part and with the smallest possible Euler characteristic must be arithmetic. The proof of Theorem B is indirect. In fact, it relies on the fact that the toroidal compactification identified in Theorem A was already known to be associated to an arithmetic lattice, see [Hol86] and [Sto11] . Nevertheless, the arithmeticity result stated in Theorem B seems not to be known.
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The case κ = 0
In this section we show that a toroidal compactification with c 2 = 1 must have Kodaira dimension equal to zero. Let us start by showing that X cannot be of general type.
Lemma 2.1. Let (X, D) be a toroidal compactification with c 2 = 1. Then X cannot have κ(X) = 2.
Proof. Recall that, given a surface Y and letting Bl k (Y ) be its blow up at k points, the second Chern number of Bl k (Y ) is given by
Now, it is well known that the Euler characteristic of a minimal surface of general type is strictly positive, see Chapter VII [BHPV04] . Since c 2 (X) = 1, we conclude that X must be minimal. Next, let us observe that
2 < 0 and c 2 1 > 0 for any minimal surface of general type. We then have c 2 1 ∈ {1, 2}. But now for any complex surface we must have c 2 1 + c 2 = 0 mod (12) by Noether's formula, see page 9 in [Fri98] . We therefore conclude that (X, D) cannot be such that X is of general type.
Let us proceed by ruling out the case of Kodaira dimension one.
Lemma 2.2. Let (X, D) be a toroidal compactification with c 2 = 1. Then X cannot have κ(X) = 1.
Proof. Let us look for a moment at the minimal models of surfaces with Kodaira dimension one, for details see Chapter VI in [BHPV04] . Thus given X, observe that there exists a unique minimal model Y such that c 
where We conclude that the image of at least one of the D i 's under the elliptic fibration is E. By the Hurwitz formula, the genus of E must be 0 or 1. Thus, if we want κ(Y ) = 1, we must assume the existence of multiple fibers. Now, denote by (Y, C) the blow down configuration of (X, D). Let us study the case g(E) = 1 first. We then have that an irreducible component of C, say Σ, is a holomorphic n-section of the elliptic fibration. Moreover, Σ is normalized by a smooth elliptic curve, say C , which is an irreducible component of D. Let us denote by Y the fiber product Y × C C . Thus, Y −→ Y is a n-covering map. Since Y has a holomorphic 1-section, it cannot have multiple fibers. We then have κ(Y ) = 0. Let us now assume g(E) = 0. In this case L is trivial since deg(L) = 0. Again, there is a holomorphic n-section Σ which is normalized by a smooth elliptic curve C . Following [Fri98] page 193, there is a finite cover π : Y −→ C of π : Y −→ E with a holomorphic 1-section and such that L = O C . We then have that Y = C ×F for 1 AND c2 = 1 6 some elliptic curve F . Because of Theorem 7.4 page 29 in [BHPV04] , the Kodaira dimension of Y cannot be one.
Let us conclude by showing that X cannot be birational to a rational or ruled surface.
Lemma 2.3. Let (X, D) be a toroidal compactification with c 2 = 1. Then X cannot have κ(X) = −∞.
Proof. Recall that the minimal models of surfaces with negative Kodaira dimension are P 2 , the Hirzebruch surfaces X e and ruled surfaces over Riemann surfaces of genus g ≥ 1, see Chapter VI in [BHPV04] . Since c 2 (P 2 ) = 3, c 2 (X e ) = 4, a toroidal compactification with c 2 = 1 cannot have these surfaces as minimal model. Moreover, since a negative elliptic curve must occur as a n-section of the ruling, the Hurwitz formula shows that X has to be the blow up of a surface Y ruled over an elliptic curve. In this case c 2 (Y ) = 0. Thus, X is the blow up of Y at a single point. Since the rank of the Picard group of X is three, by Proposition 3.8 in [DiC12] we have that X can at most have two cusps. Let us denote by (Y, C) the blow down configuration of (X, D) and let us assume C consists of one irreducible components only. We then have that C must be a n-section of the ruling of Y . It is easily seen that C cannot be a 1-section of the ruling. If otherwise, X\D contains a P 1 with just one puncture. For the same reason, C must be singular at a single point say p. Let F be the fiber of the ruling of Y passing through the point p. Now, assume that the tangent line of F at p does not coincide with any of the tangent lines of C at p. Blowing up the point p, we obtain that the proper transformF of F in entirely contained in X\D. This is clearly impossible asF P 1 .
We proceed in a similar way if the tangent line of F at p coincides with one of the tangent lines of C at p. In this case,F with one puncture is entirely contained in X\D. This is again impossible.
Let us conclude by studying the case when (X, D) has two cusps. In this situation (Y, C) is such that C consists of two irreducible components, say C 1 and C 2 , intersecting in a point p. The irreducible components of C might be singular at the point p only, having an ordinary singular point there. Moreover, the tangents lines of C 1 and C 2 at p must be all distinct. We can then proceed as in the one cusp case to get a contradiction.
Let us summarize the results of this section into a proposition.
Proposition 2.4. Let (X, D) be a toroidal compactification with c 2 = 1. Then the Kodaira dimension of X is zero.
Of course, it remains to be seen if any such example actually exists. This problem is addressed in the next section.
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3. The case κ = 0
In light of Proposition 2.4, a toroidal compactification with c 2 = 1 must be birational to a minimal surface of zero Kodaira dimension. Recall that minimal surfaces with zero Kodaira dimension are given by:
•
for details see again Chapter VI in [BHPV04] . Thus, let (X, D) be a as in Proposition 2.4. Since c 2 = c 2 = 1, we have that X is the blow up at just one point of an Abelian or bi-elliptic surface. Now, let D 1 , ..., D k be the irreducible components of the divisor D. Since each D i is a smooth elliptic curve with negative self-intersection, we have
But now 3c 2 (X) = c 2 1 (X), which implies
Therefore, we have the following finite list of configurations:
• 1 cusp, D Note that C 2 i ≥ −2. If C 2 = −2, then C i is a smooth rational curve. This is impossible since Y is covered by C 2 . If C 2 i = 0, with C i non-smooth, then C i is a rational curve with a single node or a cusp. This is again impossible as, in both of these cases, C i is normalized by a P 1 . In conclusion, either C i is a smooth elliptic curve with trivial self-intersection, or C i has a singular point, say p, and C 2 i = 2n with n ≥ 1. Let us study the singular case first. Thus, let π : X −→ Y be the blow up map at p. We then have
where D i is the proper transform of C i in X, E is the exceptional divisor and r is the multiplicity of the singular point p. Moreover, we have D i ·E = r, D 
Since D i is a smooth elliptic curve, the equation given in 2 simplifies to the quadratic equation r 2 − r − 2n = 0, whose solutions are given by
Since r is a positive integer, we just have to consider the plus sign in the formula above. Thus, the self-intersection of D i is given by
for n ≥ 1. This self-intersection is easily seen to be decreasing in n and for n ≥ 7 to be less than −4. All the possibilities for 1 ≤ n ≤ 6 are then given by the following list: In conclusion, we then have to understand if on an Abelian or bi-elliptic surface we can find curves with just one singular point of multiplicities and self-intersections as in 3. Let us start by studying the case when Y is an Abelian surface. First, we observe that the line bundle associated to a curve as in 3 must be ample.
Lemma 3.1. Let C be an irreducible divisor on an Abelian surface Y such that
Proof. Let E be any curve on Y , we would like to show that C · E > 0. Since C 2 > 0, we just need to study the curves E = C. For these curves we clearly have C · E ≥ 0. Assume then C · E = 0. Let us denote by t y (E) the translation of the curve E by an element y ∈ Y . By appropriately choosing y ∈ Y , we can assume that t y (E) ∩ C = {0}. Since the curve t y (E) is numerically equivalent to E we have then reached a contradiction. We therefore conclude that L is a strictly nef line bundle with positive self-intersection. The lemma is now a consequence of Nakai's criterion for ampleness of divisors on surfaces, see Corollary 6.4 page 161 in [BHPV04] .
Next, we show that curves as in 3 cannot exist on an Abelian surface. The proof of this fact uses standard properties of theta functions. Recall that any effective divisor on a complex torus is the divisor of a theta function, see Théorème 3.1 page 1 AND c2 = 1 9 43 in [Deb99] . Now, let C be a reduced divisor as in Lemma 3.1. Then, if we let V = C 2 and π : V −→ V /Γ be the universal covering map, we have that
for some theta function on V . More precisely, we can find a Hermitian form H, a character α : Γ −→ U (1) and a theta function satisfying 4 and the following "normalized" functional equation
for any z ∈ V and γ ∈ Γ. Note how e γ is the factor of holomorphy for the line bundle L = O Y (C). There is then an identification between the space of sections of L and the vector space of theta functions of type (H, α) on V .
In light of the list obtained in 3, we are interested in the case when C has a singular point only. Thus, let C ∈ |L| be reduced divisor and let us denote by C * = C\{p} the smooth part of C. For every q ∈ C * , T q C is a well defined 1-dimensional subspace of T q Y . Thus, if we let z 1 , z 2 be coordinate functions for V , the equation for T q C is given by
We can then consider a Gauss type map
We claim that since C is reduced and L is ample, then the Gauss map cannot be constant. Let us proceed by contradiction. Say that the image of the Gauss map is the point [x 1 : x 2 ] ∈ P 1 . If x 2 = 0, let us define the derivation
where k = x 1 /x 2 . If x 2 = 0, let us simply consider the derivative along the second coordinate function, in other words ∂ w = ∂ z2 . By construction, we have ∂ w θ = 0 for all q ∈ C * . Since C is reduced, the function
is holomorphic on V except at the singular points of π * C. By the Hartogs extension theorem, we know that f can be extended to a holomorphic function on V . Because of the functional equation 5, we have
for any γ ∈ Γ, where
This implies
for some constant K. Since f is holomorphic and H is anti-holomorphic in z, we have therefore reached a contradiction. To sum up, we have shown that for any derivation ∂ w , the function ∂ w θ cannot be identically zero on C * . Now, because of functional equation given in 4, the restriction of ∂ w θ to π * C can be considered as a section of the line bundle L restricted to C. Thus, the intersection number (∂ w θ) · C coincides with the self-intersection C 2 . Let us now consider a derivation ∂ w with parameter w determined by a generic point in the image of the Gauss map. Say that the multiplicity of the singular point p is r p . The intersection number of (∂ w θ) and C at the singular point p is then computed by r p (r p − 1). Moreover, by construction ∂ w θ vanishes somewhere on C * . We conclude
Now in all of the cases given in 3, we have
so that, using 6, we can rule out the cases of one, two and three cusps.
It remains to threat the bi-elliptic case. Thus, let us assume Y to be a bi-elliptic surface containing a curve C as in 3. It is well known, see for example [BHPV04] , that any bi-elliptic surface is covered by an Abelian surface. Thus, let π :Ŷ −→ Y be the associated covering map and let d be its degree. We have that π * C is a reduced curve inŶ with d distinct singular points of multiplicity r. Moreover, the self-intersection of π * C is easily computed
But now π * C is an ample and reduced divisor inŶ and using a Gauss map argument we can again show that
We therefore conclude that on a bi-elliptic surface we cannot find curves C i as in 3. Let us summarize this argument into a geometrical lemma. [DiC12] , we conclude that the Picard number of X, say ρ(X), must be greater than four. Recall that X is the blow up at just one point of Y . Thus, since h 1,1 = 2 for any bi-elliptic surface, we have ρ(X) ≤ 3 which is then a contradiction. For the computation of h 1,1 we refer to page 199 in [BHPV04] . Let us summarize this fact into a lemma.
Lemma 3.3. Let (X, D) be a toroidal compactification with c 2 = 1 and κ(X) = 0. Then X is the blow up of an Abelian surface.
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Thus, in light of Lemma 3.2 and Lemma 3.3, we have to classify the pairs (Y, C) where Y is an Abelian surface and C consists of four smooth elliptic curves intersecting in just one point. We will show that, up to isomorphism, there is only one such pair. This result follows from few geometrical facts.
Fact 3.4. Let Y = C 2 /Γ be an Abelian surface containing two smooth elliptic curves C 1 , C 2 such that C 1 · C 2 = 1. Then Y is isomorphic to the product C 1 × C 2 .
Proof. By translating the curves C 1 and C 2 , we can always assume that C 1 ∩ C 2 = {(0, 0)}. The curves C i , i = 1, 2, are then subgroups of Y . Thus, we can define the map
The map ϕ is clearly one-toone.
Fact 3.5. Let Y = C 2 /Γ be an Abelian surface containing three smooth elliptic
Then Y is isomorphic to the product C × C where C i = C for any i.
Proof. By Fact 3.4, we have that Y = C 1 × C 2 . Since C 3 · C 1 = 1, for i = 1, 2, we conclude that C 3 = C i for i = 1, 2. The proof is complete. Let us now go back to our original problem. We want to classify all the configurations of four elliptic curves C i , i = 1, 2, 3, 4, in an Abelian surface Y such that
for any i = j ∈ {1, 2, 3, 4}. Any such configuration will be referred as good configuration. Now, by translating the C i s, we can assume the point p to coincide with the origin in Y . Because of Facts 3.4 and 3.5, we can assume Y = C × C with the curves C 1 and C 2 being the factors in the splitting of Y . Because of Facts 3.6 and 3.7, we have to look for values of α, say α 1 and α 2 , such that
Now, for a generic elliptic curve C = C/Λ, the only values of α such that αΛ = Λ are given by α = ±1. If this is the case, note that C 1 ∩ C −1 consists of four disjoint points. These points are exactly the two-torsion points of the lattice Λ. In conclusion, for a generic elliptic curve C, the Abelian surface Y = C × C cannot support a good configuration. It remains to threat the case of a non-generic elliptic curve C. Recall that there are only two elliptic curves with non-generic automorphism group. These elliptic curves correspond to the lattices Λ (1,i) = Z + Zi, Λ (1,τ ) = Z + Zτ where τ = e πi 3 . For the lattice Λ (1,i) , we have four choices of the value of α so that αΛ (1,i) = Λ (1,i) :
It turns out that none of the possible choices involving these parameters give a good configuration. To this aim, it suffices to observe that the configuration
is such that
Any other configuration is either isomorphic to the one above or fails to be a good configuration by completely analogous reasons. For the lattice Λ (1,τ ) , we have six choices of the value of α so that αΛ (1,τ ) = Λ (1,τ ) :
Let us observe that
is a good configuration. In fact, the curves C 1 and C τ intersect at the points whose z values satisfy the equality
Since (τ − 1) = τ 2 , we conclude that
We claim that this is the only configuration that does the job. First, let us try the configuration given by
Observe that the curves C 1 and C τ 2 , not only meet at the origin, but also in other two distinct points. These points are the two distinct zeros of the Weierstrass ℘-function associated to the lattice Λ (1,τ ) . More precisely, we have C 1 ∩ C τ 2 = {(0, 0), ((1 − τ 2 )/3, (1 − τ 2 )/3), ((τ 2 − 1)/3, (τ 2 − 1)/3)}.
As the reader can easily verify, any other configuration can be reduced to the two above or to the configuration w = 0, z = 0, w = z, w = −z, which we already know not to be good. In conclusion, we have the following lemma.
Lemma 3.8. Let (X, D) be a toroidal compactification with c 2 = 1 and κ(X) = 0. Then X is the blow up of an Abelian surface Y = C 2 /Γ with Γ = Λ (1,τ ) × Λ (1,τ )
and τ = e 
Proof of the main theorem and conclusions
In this final section, we combine the results proved in Sections 2 and 3 to give a proof of Theorem A stated in Section 1.1.
Proof of Theorem A. Let (X, D) be a toroidal compactification with c 2 = 1. Because of Proposition 2.4, we know that X is the blow up at just one point of a minimal surface Y of zero Kodaira dimension. Moreover, by Lemma 3.3 we know that Y is an Abelian surface. Then, Lemma 3.8 shows that Y has to be the product of two identical elliptic curves associated to the lattice Λ (1,τ ) , where τ = e πi 3 . We can then appeal to the results contained in [Hol86] to conclude that the pair (X, D) is indeed the compactification of a cusped complex hyperbolic surface. Alternatively, one can observe that, by construction, the pair (X, D) given in Lemma 3.8 saturates the logarithmic Bogomolov-Miyaoka-Yau inequality. Then, because of the analytical results contained in [TY87] , it must be the compactification of a ball quotient.
It is worth mentioning that the pair (Y, C) given in Lemma 3.8 is the starting point for an interesting construction of Hirzebruch, see [Hir84] . More precisely, the pair (X, D) and other blow ups of (Y, C) are used by Hirzebruch as bases for a clever branched cover construction which produces an infinite sequence of minimal surfaces of general type whose ratio c 2 1 /c 2 tends to three. In the same paper, Hirzebruch conjectured many of the surfaces he constructed to be compactifications of Picard modular surfaces. This is indeed the case as shown by Holzapfel [Hol86] . For the particular surface given in Lemma 3.8, one can also refer to [Sto11] . In conclusion, the proof of Theorem B stated in Section 1.1 not only depends on Theorem A, but crucially relies on the fact that the pair given in Lemma 3.8 was already known to be the compactification of a Picard modular surface [Hol86] , [Sto11] .
